CMPUT 267 Basics of Machine Learning
Winter 2024

UNIVERSITY OF

T

February 6, 2024



Outline

1. Recap: Parameter Estimation
2. Examples
3. Consistency and Bias

4. Bayesian Approaches



Parameter Estimation

1. Given dataset D = {x;}_,

2. Pick a distribution class (function class, hypothesis space) to model the
distribution of x

> E.g.if x; € R, maybe Guassian, p(x | w) where w = (u, o) € R?

plx W) = ——exp ((XZU;‘)Z) .

> E.g.Ifx; € {0,1}, Bernoulliw € [0, 1) wherep(x =1 | w) = w,

p(x | w) = w*(1—w)'*.

3. Identify best parameter w - MLE or MAP estimate



MAP Example, Poisson data with Gamma prior

Suppose we have a dataset D = {8, 4, 5,9, 5,2}, with each value drawn i.i.d from an
unknown Poisson distribution with parameter A\g. We have a Gamma prior over \:

Ak=1g=2/0 . M xlen
p(\) = oK) and likelihood p(D|A) = I X



MAP Example, Poisson data with Gamma prior

Suppose we have a dataset D = {8, 4, 5,9, 5,2}, with each value drawn i.i.d from an
unknown Poisson distribution with parameter A\g. We have a Gamma prior over \:
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Example (cont'd)

Posterior. p(A | D) = ‘%

ASn@—nA /\kf‘le—% gkr(k) le]:1 X! (n + %)(k—&-Sn)

PO ID) = [, x!  6kr(k) [ (k+sn)



Example (cont'd)
Posterior. p(A | D)

p(\ | D)

— P(PIM)P(N)

p(D)

\Sn efn)\ Akf'le—%

[, x!  6kr(k)

Allkrsn)=1) . g=A(+1/0) . (p 4+ %)(’“rsn)

M(k+sn)

I (k +sn)
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Example (cont'd)

Posterior. p(A | D) = %

ASn@—nA /\kf‘le—% gkr(k) le]:1 X! (n + %)(k—&-Sn)

PO ID) = [, x!  6kr(k) [ (k+sn)

Allkrsn)=1) . g=A(+1/0) . (p 4+ %)(’“rsn)
M(k+sn)

A((kt50)=1) . @=A(n+1/6)

] (k+sn)
(H;> T (k + sn)




Example (cont'd)

Posterior. p(A | D) = ’%

ASn@—nA /\kf‘le—% 9kr(k) le]:1 X! (n + %)(k—&-Sn)

PO ID) = [, x!  6kr(k) [ (k+sn)

Allkrsn)=1) . g=A(+1/0) . (p 4+ %)(Hsﬂ)
[ (k+sn)

A((kt50)=1) . @=A(n+1/6)

] (k+sn)
(H;> T (k + sn)

That is, a Gamma(k’, ¢) distribution with
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Conjugate Priors

> A conjugate prior p(w) for the parameter of a data distribution p(x|w) , where
the posterior p(w|D) is of the same type as p(w).
> Gamma is a conjugate prior for the parameter of a Poisson data distribution

> Starting from Gammal(k, #) and assuming a Poisson likelihood, after seeing
data D = x,. .., Xp, the posterior is Gamma (k + S0 Xi, ﬁ)

> Similarly, Beta is a conjugate prior for the parameter of a Binomial data
distribution

> Starting from Beta(a, b) and assuming a Binomial likelihood, after seeing
data D = n; successes and ny failures, the posterior is Beta(a + nq,b + ng).



Updated data

What if we observe more data?
Binomial data example
We have estimates a’ = a + nq, b’ + ng for posterior Beta(a’, b’) from data D.

Now we have additional data D U Xp1, . .., Xp110-

v Vv Vv V V

n+10
Compute Spi19 = Sp + St 01 Xi.

Thend =a’ + Ay and b = b’ + riy.

v

\Y

Beta(a’, b’) is like a new prior



Parameter Estimation: Consistency and Bias

> Estimation of Poisson parameter (estimate \*: x; ~ p(x|\*):

Sn (k—1)+sn L
MLE n’ MAP n+ 1/9 ) n ;—1 i



Point estimates

> MAP and MLE estimates are point estimates.

> Suppose we have a dataset D that was generated by a model:

f(-107) e F={f(-10) [0 € R}

> A point estimate answers the question: What is the single best guess for the
parameter?

v

MLE: arg maxg p(D | 6). (mode of the likelihood function)

v

MAP: arg maxy p(6 | D). (mode of the posterior distribution)

> Estimate of # that has the lowest expected error?



Bayes Estimates

> Bayes estimates estimate the entire posterior distribution, p(6|D).

> The posterior is then used in two ways:

1. Assess the range of plausible parameters given our data, p(0 € [ — €, 1 + €])
where p is the mean of p(8|D).

> [p — €, 1+ €] is the credible interval.

2. Define an alternate objective for selecting a point estimate: minimize the posterior
risk

c(d) = [ 1(6.0)p(6 | D).

where (6, 0) is the loss



Bayes Estimator

The Bayes estimator is the point estimate that minimizes the posterior risk c(é),
where

o(f) = /f 00, 0)p(0 | D) do

The loss £(6, §) expresses how wrong we are if we estimate # when the true answer
is6.



Bayes Estimator for Squared Loss

0 =0= [-0p(0|D)do =E[0 | D]



Bayesian Reasoning

> How do we assess our prediction X117
> How do we answer Pr(a < X1 < b)?

1. MLE: F (b | yie) — F(a | Buie)
2. MAP:F (b | Ouap) — F (@ | Onap)

3. Bayes optimal estimator:
F(b|6s)—F(al|bs)

4. Bayesian: [-[F(b|60)—F(al|0)]p(6|D)do
=E[F(b|6)—F(a|b)|D]

FIX]




How do we get model evidence?

To compute the Bayes estimator, we will need the full posterior p(w|D) (see
slide 12).

p(D|w)p(w)
p(w|D) = (D)

/p (D,w)dw = /p D\w)p(w)dw = E[p(D|w)]
So we need to compute the model evidence p(D) as well. How do we compute
p(D)?

1. Numerical integration

W1, Wa, ..., Wi ~ p(w), then p(D) = L S p(D|w;)
> as m increases, this approximation gets better.

2. In some cases, we may have a closed-form for the integral. (with the concept
of conjugate priors)



Estimation

1. True data distirubtion is pirue.

2. Get dataset D = {x;}]_; where X; has distribution pre.

w

. Estimate properties of pyrue.
> E[X,] or Var(X,-)
> Pie itself.

N

. Pick a distribution class to model pirge.
> Gaussian N'(u, 0% = 1), parameter w = y to estimate.
> Poisson withw = .
> Complex distributions like a misture p(x) = c1N (1, 02) + c2N (12, 03), with
W= (C‘]7 1, 012, Co, 12, U%)

al

. Define objective to get w
> MLE ¢(w) = Inp(D|w)
> MAP ¢c(w) = Inp(w|D)
> Bayesian: p(w|D)



Conditional Models

> We may want to ask questions like "with what probability is some image an
image of a cat".

> How can we approach this with what we have been learning?
> We would like something like:
Pr(Y = cat|X = x)
where x are the pixels that describe the image.
> Or you might have {(x;, y;)} and you might want Pr(Y = 10|X = x).

> QOur models can be parametrized families of conditional distributions

F={fy|x;0)|6cR}



MLE, MAP Bayesian Prediction for Conditional Models

> Given a hypothesis space F = {p(- | -,0) | # € R} and a dataset
D = {(x;,yi)}i_, of observations x; and their corresponding targets y;:

> MLE: p(y|x) = p(y | X, Omie) where Oyie = argmaxg 3 Inp(y; | Xi, 0)
> MAP:p(y|x) = p(y | X, Omap) where Oypap = arg maxg Inp(6) + 3 Inp(y; | X;, 0)
> Bayesian:p(y | x) = [p(y | x,0)p(¢ | D) do



